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ENUMERATION OF PERMUTATIONS BY NUMBER OF ALTERNATING
RUNS
SHI-MEI MA
Abstract. Let R(n, k) denote the number of permutations of {1, 2, . . . , n} with k alternating
runs. We find a grammatical description of the numbers R(n, k) and then present several
convolution formulas involving the generating function for the numbers R(n, k). Moreover, we
establish a connection between alternating runs and Andre´ permutations.
1. Introduction
Let Sn denote the symmetric group of all permutations of [n], where [n] = {1, 2, . . . , n}. Let
pi = pi(1)pi(2) · · · pi(n) ∈ Sn. We say that pi changes direction at position i if either pi(i− 1) <
pi(i) > pi(i + 1), or pi(i − 1) > pi(i) < pi(i + 1), where i ∈ {2, 3, . . . , n − 1}. We say that
pi has k alternating runs if there are k − 1 indices i such that pi changes direction at these
positions. Let R(n, k) denote the number of permutations in Sn with k alternating runs. There
is a large literature devoted to the numbers R(n, k) (see [27, A059427]). The reader is referred
to [2, 4, 21, 23, 28] for recent results on this subject.
Andre´ [1] was the first to study the alternating runs of permutations and he obtained the
following recurrence relation
R(n, k) = kR(n− 1, k) + 2R(n− 1, k − 1) + (n− k)R(n − 1, k − 2) (1)
for n, k ≥ 1, where R(1, 0) = 1 and R(1, k) = 0 for k ≥ 1. For n ≥ 1, we define Rn(x) =∑n−1
k=1 R(n, k)x
k. Then by (1), we obtain
Rn+2(x) = x(nx+ 2)Rn+1(x) + x
(
1− x2)R′n+1(x), (2)
with initial value R1(x) = 1. The first few terms of Rn(x)’s are given as follows:
R2(x) = 2x,
R3(x) = 2x+ 4x
2,
R4(x) = 2x+ 12x
2 + 10x3,
R5(x) = 2x+ 28x
2 + 58x3 + 32x4.
The Eulerian number
〈
n
k
〉
enumerates the number of permutations in Sn with k descents (i.e.,
1 ≤ i < n, pi(i) > pi(i + 1)). Let An(x) = x
∑n−1
k=0
〈
n
k
〉
xk be the Eulerian polynomials. The
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polynomial Rn(x) is closely related to An(x):
Rn(x) =
(
1 + x
2
)n−1
(1 + w)n+1An
(
1− w
1 + w
)
, w =
√
1− x
1 + x
,
which was first established by David and Barton [12, 157-162] and then stated more concisely
by Knuth [20, p. 605]. In a series of papers [5, 6, 7], Carlitz studied the generating functions for
the numbers R(n, k). In particular, Carlitz [5] proved that
∞∑
n=0
zn
n!
n∑
k=0
R(n+ 1, k)xn−k =
1− x
1 + x
(√
1− x2 + sin(z√1− x2)
x− cos(z√1− x2)
)2
. (3)
Recently, Bo´na and Ehrenborg [2, Lemma 2.3] combinatorially proved that the polynomial Rn(x)
is divisible by (1 + x)⌊
n
2
⌋−1.
Let pi = pi(1)pi(2) · · · pi(n) ∈ Sn. An interior peak in pi is an index i ∈ {2, 3, . . . , n − 1} such
that pi(i − 1) < pi(i) > pi(i + 1). Let pk (pi) denote the number of interior peaks in pi. An left
peak in pi is an index i ∈ [n − 1] such that pi(i − 1) < pi(i) > pi(i + 1), where we take pi(0) = 0.
Let pkl (pi) denote the number of left peaks in pi. For example, the permutation pi = 21435 has
pk (pi) = 1 and pkl (pi) = 2. Let W (n, k) denote the number of permutations in Sn with k
interior peaks, and let W˜ (n, k) denote the number of permutations in Sn with k left peaks. The
numbers W (n, k) and W˜ (n, k) arise often in combinatorics and other branches of mathematics
(see [13, 22, 24]).
For n ≥ 1, we define
Wn(x) =
∑
k≥0
W (n, k)xk and W˜n(x) =
∑
k≥0
W˜ (n, k)xk.
It is well known that the polynomials Wn(x) satisfy the recurrence relation
Wn+1(x) = (nx− x+ 2)Wn(x) + 2x(1 − x)W ′n(x),
with initial values W1(x) = 1,W2(x) = 2 and W3(x) = 4 + 2x, and the polynomials W˜n(x)
satisfy the recurrence relation
W˜n+1(x)(x) = (nx+ 1)W˜n(x) + 2x(1− x)W˜ ′n(x)(x),
with initial values W˜0(x) = W˜1(x) = 1, W˜2(x) = 1+x and W˜3(x) = 1+5x (see [27, A008303,A008971]).
For n ≥ 0, we define
Pn(tan θ) =
dn
dθn
tan θ.
It is clear that P0(x) = x and Pn+1(x) = (1 + x
2)P ′n(x) (see [19]). The polynomials Pn(x) are
known as derivative polynomials for tangent and have been extensively studied (see [11, 17, 22,
23]). The following results were respectively obtained in [22] and [23].
Theorem 1. For n ≥ 2, we have
Wn(x) =
1
x
(x− 1)n+12 Pn
(
1√
x− 1
)
,
and
Rn(x) =
(
x+ 1
2
)n−1(x− 1
x+ 1
)1
2
(n+1)
Pn
(√
x+ 1
x− 1
)
,
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So the following corollary is immediate.
Corollary 2. For n ≥ 2, we have
Rn(x) =
x(1 + x)n−2
2n−2
Wn
(
2x
1 + x
)
. (4)
Let pi = pi(1)pi(2) · · · pi(n) ∈ Sn. An alternating subsequence of length k is a subsequence
pi(i1) · · · pi(ik) satisfying
pi(i1) > pi(i2) < pi(i3) > · · · pi(ik).
Let as (pi) denote the length of the longest alternating subsequence of pi. For n ≥ 1, we define
ak(n) = #{pi ∈ Sn : as (pi) = k}.
Recently, Stanley [28] initiated a study of the distribution of the length of the longest alter-
nating subsequences of pi. Put
Fk(x) =
∑
n≥0
ak(n)
xn
n!
and A(x, t) =
∑
k≥0
Fk(x)t
k.
Stanley [28, Theorem 2.3] showed that
A(x, t) = (1− t) 1 + ρ+ 2te
ρx + (1− ρ)e2ρx
1 + ρ− t2 + (1− ρ− t2)e2ρx ,
where ρ =
√
1− t2.
Let Tn(x) =
∑n
k=1 ak(n)x
k. Bo´na [3, Section 1.3.2] found the following identity:
Tn(x) =
1
2
(1 + x)Rn(x) for n ≥ 2. (5)
Combining (4) and (5), we get
Tn(x) =
x(1 + x)n−1
2n−1
Wn
(
2x
1 + x
)
for n ≥ 1. (6)
Moreover, it follows from (2) that the polynomials Tn(x) satisfy the recurrence relation
Tn+1(x) = x(nx+ 1)Tn(x) + x
(
1− x2)T ′n(x). (7)
with initial values T0(x) = 1 and T1(x) = x. Therefore,
ak(n) = kak(n− 1) + ak−1(n− 1) + (n− k + 1)ak−2(n− 1), (8)
with initial values a0(0) = a1(1) = 1 and ak(0) = a0(n) = 0 for n, k ≥ 1.
It should be noted that ak(n) also enumerates the number of permutations in Sn that have
k up-down runs. The up-down runs of a permutation pi are the alternating runs of pi endowed
with a 0 in the front (see [27, A186370]). For example, the permutation pi = 514632 has 3
alternating runs and 4 up-down runs. The up-down runs of a permutation are closely related
to the numbers of interior peaks and left peaks. Clearly, a1(n) = W˜ (n, 0) = 1, corresponding to
the identity permutation. By analyzing the following two cases:
(c1) a permutation pi starts in a descent (i.e., pi(1) > pi(2));
(c2) a permutation pi starts in an ascent (i.e., pi(1) < pi(2)),
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it is easy to verify that
W˜ (n, k) = a2k(n) + a2k+1(n) for 1 ≤ k ≤ ⌊(n− 1)/2⌋,
W (n, k) = a2k+1(n) + a2k+2(n) for 0 ≤ k ≤ ⌊(n − 2)/2⌋.
Moreover, applying the complement operation φ to pi, i.e., φ(pi(i)) = pi(n + 1− i), it is evident
that
W (2k + 1, k) = a2k+1(2k + 1), W˜ (2k, k) = a2k(2k).
Let Cn(x) = xWn(x
2) + W˜n(x
2). The polynomials Cn(x) satisfy the recurrence relation
Cn+1(x) = (1 + nx
2)Cn(x) + x(1− x2)C ′n(x) for n ≥ 1,
with initial values C1(x) = 1 + x, C2(x) = 1+ 2x+ x
2 and C3(x) = 1 + 4x+5x
2 +2x3 (see [22,
Section 2]). Then we have the following result.
Theorem 3. For n ≥ 2, we have
xCn(x) = (1 + x)Tn(x).
Thus, using (6), we obtain
Cn(x) =
(1 + x)n
2n−1
Wn
(
2x
1 + x
)
for n ≥ 1.
As pointed out by Canfield and Wilf [4, Section 6], the generating function for the numbers
R(n, k) can be elusive. In this paper we further explore the generating function for the numbers
R(n, k). In Section 2, we present a description of the numbers R(n, k) and ak(n) using the notion
of context-free grammars. As applications, we obtain several convolution formulas involving the
polynomials Rn(x), Tn(x),Wn(x) and W˜n(x). In Section 3, we establish a connection between
alternating runs and Andre´ permutations.
2. Context-free grammars
The grammatical method was introduced by Chen [8] in the study of exponential structures
in combinatorics. Let A be an alphabet whose letters are regarded as independent commutative
indeterminates. Following Chen [8], a context-free grammar G over A is defined as a set of
substitution rules replacing a letter in A by a formal function over A. The formal derivative D
is a linear operator defined with respect to a context-free grammar G. For any formal functions
u and v, we have
D(u+ v) = D(u) +D(v), D(uv) = D(u)v + uD(v) and D(f(u)) =
∂f(u)
∂u
D(u),
where f(x) is a analytic function. Using Leibniz’s formula, we have
Dn(uv) =
n∑
k=0
(
n
k
)
Dk(u)Dn−k(v). (9)
For example, if G = {x→ xy, y → y}, then
D(x) = xy,D(y) = y,D2(x) = x(y + y2),D3(x) = x(y + 3y2 + y3).
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It is well know that many combinatorial objects permit a description using the notion of
context-free grammars. Recall that the Stirling number of the second kind
{n
k
}
is the number of
ways to partition [n] into k blocks. Chen [8, Eq. (4.8)] found that if G = {x→ xy, y → y}, then
Dn(x) = x
n∑
k=1
{
n
k
}
yk.
In [26], Schett considered the grammar
G = {x→ yz, y → xz, z → xy},
and established a relationship between the expansion of Dn(x) and the Jacobi elliptic functions.
Dumont [14] established the connections between Schett’s grammar and permutations. In [15],
Dumont considered chains of general substitution rules on words.
Let us now recall two results on context-free grammars.
Proposition 4 ([15, Section 2.1]). If G = {x→ xy, y → xy}, then
Dn(x) = x
n−1∑
k=0
〈
n
k
〉
xkyn−k for n ≥ 1.
Proposition 5 ([22]). If G = {y → yz, z → y2}, then
Dn(y) =
⌊n/2⌋∑
k=0
W˜ (n, k)y2k+1zn−2k for n ≥ 0,
Dn(z) =
⌊(n−1)/2⌋∑
k=0
W (n, k)y2k+2zn−2k−1 for n ≥ 1.
As a conjunction of Proposition 4 and Proposition 5, it is natural to consider the context-free
grammar
G = {x→ xy, y → yz, z → y2}. (10)
Thus D(x) = xy,D(y) = yz and D(z) = y2. In the following discussion we will consider the
grammar (10). For convenience, we will always assume that n ≥ 1. The main result of this
paper is the following.
Theorem 6. If G = {x→ xy, y → yz, z → y2}, then
Dn(x2) = x2
n∑
k=1
R(n+ 1, k)ykzn−k, (11)
Dn(x) = x
n∑
k=1
ak(n)y
kzn−k for n ≥ 1. (12)
Proof. Note that D(x2) = 2x2y and D2(x2) = 2x2yz + 4x2y2. For n ≥ 1, we define
Dn(x2) = x2
n∑
k=1
M(n+ 1, k)ykzn−k (13)
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Then M(2, 1) = R(2, 1) = 2,M(3, 1) = R(3, 1) = 2 and M(3, 2) = R(3, 2) = 4. From (13), we
get
Dn+1(x2) = D(Dn(x2))
= x2
n∑
k=1
kM(n+ 1, k)ykzn−k+1 + 2x2
n∑
k=1
M(n+ 1, k)yk+1zn−k
+ x2
n∑
k=1
(n− k)M(n+ 1, k)yk+2zn−k−1.
Thus
M(n+ 2, k) = kM(n + 1, k) + 2M(n + 1, k − 1) + (n− k + 2)M(n + 1, k − 2).
Comparing with (1), we see that the coefficients M(n, k) satisfy the same recurrence relation
and initial conditions as R(n, k), so they agree. Using (8), the formula (12) can be proved in a
similar way and we omit the proof for brevity. 
For the grammar (10), we have
D(xy) = D(xz) = xyz + xy2.
Hence Dn(xy) = Dn(xz) for n ≥ 1. Moreover, Dn+1(x2) = Dn(2x2y). Using (9), we obtain the
following identities:
Dn(x2) =
n∑
k=0
(
n
k
)
Dk(x)Dn−k(x),
Dn(2x2y) = 2Dn(x2y) = 2
n∑
k=0
(
n
k
)
Dk(x)Dn−k(xy) = 2
n∑
k=0
(
n
k
)
Dk(x)Dn−k+1(x),
Dn(2x2y) = 2
n∑
k=0
(
n
k
)
Dk(x2)Dn−k(y),
Dn+1(x) = Dn(xy) =
n∑
k=0
(
n
k
)
Dk(x)Dn−k(y),
Dn(xz) =
n∑
k=0
(
n
k
)
Dk(x)Dn−k(z).
Thus we can immediately use Proposition 5 and Theorem 6 to get several convolution formulas.
Corollary 7. For n ≥ 1, we have
Rn+1(x) =
n∑
k=0
(
n
k
)
Tk(x)Tn−k(x), (14)
Rn+2(x) = 2
n∑
k=0
(
n
k
)
Tk(x)Tn−k+1(x),
Rn+2(x) = 2x
n∑
k=0
(
n
k
)
Rk+1(x)W˜n−k(x
2),
ENUMERATION OF PERMUTATIONS BY NUMBER OF ALTERNATING RUNS 7
Tn+1(x) = x
n∑
k=0
(
n
k
)
Tk(x)W˜n−k(x
2),
Tn+1(x) = Tn(x) + x
2
n−1∑
k=0
(
n
k
)
Tk(x)Wn−k(x
2).
From Corollary 7, we see that there is a close relationship between Rn(x), Tn(x),Wn(x) and
W˜n(x). In particular, it follows from (14) that
∞∑
n=0
zn
n!
n∑
k=0
R(n+ 1, k)xn−k =
(
∞∑
n=0
zn
n!
n∑
k=0
ak(n)x
n−k
)2
. (15)
Combining (3) and (15), it is easy to verify that
∞∑
n=0
zn
n!
n∑
k=0
ak(n)x
n−k = −
√
1− x
1 + x
(√
1− x2 + sin(z√1− x2)
x− cos(z√1− x2)
)
.
We end this section by giving another characterization of the numbers R(n, k) and the proof
follows along the same lines as the proof of (11).
Theorem 8. If G = {x→ 2xy, y → yz, z → y2}, then
Dn(x) = x
n∑
k=1
R(n+ 1, k)ykzn−k for n ≥ 1.
3. Relationship to Andre´ permutations
A permutation pi = pi(1)pi(2) · · · pi(n) ∈ Sn is called an Andre´ permutation if it satisfies the
following conditions (see [18, 25]):
(c1) pi has no double descents, i.e., there is no i ∈ {2, 3, . . . , n−1} such that pi(i−1) > pi(i) >
pi(i+ 1);
(c2) For all j, j
′ ∈ {2, 3, . . . , n} which satisfy j < j′, if pi(j − 1) = max{pi(j − 1), pi(j), pi(j′ −
1), pi(j′)} and pi(j′) = min{pi(j − 1), pi(j), pi(j′ − 1), pi(j′)}, then there is a j′′ such that
j < j′′ < j′ and pi(j′′) < pi(j′).
The Andre´ permutations are a variant of simsun permutations and are closely related to the
enumeration of the monomials of the cd-index of Sn. An augmented Andre´ permutation is an
Andre´ permutation with pi(n) = n. Denote by An the augmented Andre´ permutations in Sn.
Example 9.
A1 = {1}, A2 = {12}, A3 = {123, 213},
A4 = {1234, 1324, 2134, 2314, 3124}.
Let d(n, k) denote the number of permutations in An with k − 1 left peaks (see [10, Section
3]). The number d(n, k) also counts the number of increasing 0-1-2 trees on [n] with k leaves
(see [27, A094503]). Let Dn(x) =
∑
k≥1 d(n, k)x
k. It is well known that the polynomials Dn(x)
satisfy the recurrence relation
Dn(x) = nxDn−1(x) + x(1− 2x)D′n−1(x), (16)
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for n ≥ 1, with initial value D0(x) = 1 (see [16, (7.1)]). The first few terms of Dn(x)’s are given
as follows:
D1(x) = x,
D2(x) = x,
D3(x) = x+ x
2,
D4(x) = x+ 4x
2,
D5(x) = x+ 11x
2 + 4x3.
The Eulerian polynomial An(x) admits several expansions in terms of different polynomial
bases. One representative example is the classical Frobenius formula (see [9]):
An(x) =
n∑
i=1
i!
{
n
i
}
xi(1− x)n−i. (17)
Motivated by the expansion (17), we find the following result.
Theorem 10. For n ≥ 2, we have
Dn(x) =
1
2
n−1∑
k=1
R(n, k)xk(1− x)n−1−k.
Equivalently,
Rn(x) = 2(1 + x)
n−1Dn
(
x
1 + x
)
. (18)
Proof. Let Fn(x) =
1
2
∑n−1
k=1 R(n, k)x
k(1−x)n−1−k for n ≥ 2. Clearly, F2(x) = x, F3(x) = x+x2
and F4(x) = x+ 4x
2. Set F0(x) = 1 and F1(x) = x. Note that
Rn(x) = 2(1 + x)
n−1Fn
(
x
1 + x
)
for n ≥ 2.
Using (2), we get
Fn
(
x
1 + x
)
=
nx
1 + x
Fn−1
(
x
1 + x
)
+
x(1− x)
(1 + x)2
F ′n−1
(
x
1 + x
)
.
Thus Fn(x) = nxFn−1(x)+x(1−2x)F ′n−1(x). Hence Fn(x) satisfies the same recurrence relation
and initial conditions as Dn(x), so they agree. 
Note that degDn(x) = ⌈n2 ⌉. Combining (5) and (18), the following corollary gives a combi-
natorial interpretation for the fact that the polynomial Tn(x) is divisible by (1 + x)
⌊n
2
⌋ (see [28,
Corollary 3.2]).
Corollary 11. For n ≥ 0, we have
Tn(x) = (1 + x)
nDn
(
x
1 + x
)
.
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